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Chapter 6.

Applications of differentiation.

Situation

Certain medical personnel in a country are concerned
about the rate at which a particular disease is spreading
through the population. The disease was first properly
identified in 2003 and by the beginning of 2005 the
number of people in the country known to have been
suffering from the disease was 2050. Figures for later
years suggest that the number of people in the country
known to be suffering from the disease approximately
follows the rule

N=1t3+5¢ +10¢,
where N is the number of sufferers t years after the
disease was first introduced to the country.

One of the country's top doctors is planning a
speech about the disease and asks you to supply
answers to the six questions given below.

Assuming the above equation and the 2005
figures are correct obtain answers to the

questions.

e Isittrue that the figures suggest that the disease first entered the

country around the beginning of 1994?

115

e How many people in the country suffered from the disease at the beginning of 2000,

even though it had not been properly identified at that time?

* How many people in the country suffered from the disease at the beginning of

20107

e  What was the average number of new sufferers per year in this ten year period?

What was the rate of increase in the number of sufferers (in new sufferers per year)

at the beginning of 2010?

» If nothing is done to alter the spread of the disease what is the rate of increase in
the number of sufferers likely to be (in new sufferers per year) by the beginning of

(a) the year 2040,
(b) the year 20507
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Rates of change.

Did you use differentiation in the situation on the previous page? The situation required
a rate of change at a particular time to be determined. Differentiation gives a formula
from which such a rate of change can be found.

d
In chapter 5 we used differentiation to find -‘QXC , the rate of change of y with respect to x.
If other variables are involved, say volume, V, and time, ¢, then we can use differentiation

dv
to find dt the rate of change of volume with respect to time.

Example 1
If P=5t2+6t findan expression for the rate of change of P with respect to t.

P
If P=52+6t then%g =10t+ 6 .

The rate of change of P with respectto t isgivenby 10t+6.

Example 2
If L =a3-3a%+5 find the rate of change of L with respect to a when a = 3.

dL

If L =a%-3a%+5 then da = 3a% - 6a
dL

If a=3 then da =9

The rate of change of L with respect to a, whena = 3, is 9.

Alternatively the same answers can be obtained from a calculator.

4 ] N
d (2
T (5t +6t)
10-t+6

d _
aa(ai*’ -3a2 +5)|a=3
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Example 3

The volume of a sphere is increasing in such a way that the volume, Vem?d, attime t
seconds is givenby:  V=7500 + 3600t - 1504 for 0<t<12.
Calculate (a) the volume when t=12,

() 1 )
(a) If V = 7500 + 3600¢ - 150£2 Define v(§~7500+3600¢- 15062
then V(12) = 7500 + 3600(12) - 150(12)> sHne viu= o
= 29100 ) one
= : 3 v
When t =12 the volumeis 29100 cm®. 29100
(b) If ; ‘;/ = 7500 + 3600t - 150t 4 (v
then dt = 3600 - 300t -300-t+3600
The instantaneous rate of change in the volume 4 (v()] t=2
with respect to time is given by de 3000
3600 - 300t. d
v FTs (v(®)|t=10
(c) Using e 3600 - 300¢t: 600
Fort = 2,volumeisincreasingat3000 cm3/sec. \_ J

(b) anexpression for the rate of change of volume with respect to time,

(c) the rate at which the volume is increasing (in cm3 /sec) when
t=2 and when t=10.

For t = 10,volumeisincreasingat 600 cm?® /sec.

@ As the above display suggests, answers can be obtained from a calculator without

having to differentiate "by hand". Whilst you are encouraged to explore the
capability of your calculator in this regard make sure you can use the appropriate
calculus and algebraic methods yourself as well.

Exercise 6A

1.

2.

3.

o

If Q=5r%+3r-4 find an expression for the rate of change of Q with respect to r.
If X=3k+3k*-6k3 find an expression for the rate of change of X with respect to k.
If T=5r3-r?+15r-3 find an expression for the rate of change of T with respecttor.

If Q= 2p4 + 3p3 - 14p - 21 find an expression for the rate of change of Q with respect
top.

IfP= (3t2 - 2) (4t + 3) find an expression for the rate of change of P with respect to t.

If A=56% +6t-1 find the rate of change of A with respectto t when
@ t=1, (b) t=2 (c) t=3.
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7.

10.

11.

12.

13.

If P=3a® +4 find the rate of change of P with respectto a when

@ a=2 (b) a=3, (c) a=-4

If A=mr? find the rate of change of A with respectto r when
70

(@ r=10, (b) r=3, (e r= P

If A=2nr+20mr find, in terms of w, the rate of change of A with respect to r when
(@ r=3, (b) r=7, (cg r=10.

4
If V= 3 3 find, in terms of , the rate of change of V with respect to r when
@ r=1, (b) r=3, (c) r=10.

A goldfish breaks the water surface of a pond when collecting food and causes a
circular ripple to emanate outwards. The radius of the circle, in metres, is given by

2t
r=g where t is the time in seconds after the goldfish caused the ripple to

commence.

(a) Find an expression for the area of the circle in terms of t.

(b)  Find the area of the circle after two seconds.

(c) Find an expression for the rate at which the area is increasing with
respectto t.

(d)  Find the instantaneous rate of increase of A when t = 3.

A colony of bacteria is increasing in such a way that the number of bacteria present

after thoursis given by N where N =120 + 500t + 10£3.

(a) Find the number of bacteria present initially (i.e. when t = 0).

(b) Find the number of bacteria present when ¢t = 5.

(c) Find the average rate of increase, in bacteria/hour, in the first 5 hours.

(d) Find an expression for the instantaneous rate of change of N with respect to
time.

(e) Find the rate the colony is increasing, in bacteria/hour, when
(i) t=2, (ii) t=5, (iii) t=10.

The total number of units, N, produced by a machinist, ¢t hours into an 8 hour shift
was found to approximately fit the mathematical model
N=42t+9t>-t3 for 0<t<8.
(@) How many units did the machinist produce in the eight hours?
(b) What was the machinist’s average production rate, in units/hour, during the
shift?
(c) How many units did the machinist produce in the final hour?
(d) Find the production rate, in units/hr, when (i) t=1,
(ii) t=2,
(iii) t=3.
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14. A small crack in a water pipe allows water to escape from the pipe. The number of

15.

16.

litres of water that has escaped, ¢t minutes after the crack initially appeared is given
t
by V,where V= m(t +10).

(a) Whatvolume of water leaked in (i) the first ten minutes,
(ii) the first twenty four hours?
(b) Atwhatrate, in L/min, is the water leaking after (i) 10 minutes,
(ii) 2 hours,
(iii) 24 hours?

A wildlife park is involved in a captive breeding program for an endangered species
of deer. The program plans to release deer from the herd back into the wild as well
as increasing the captive herd's population. The park starts with a captive
population of forty deer and the breeding and release back into the wild will be
such that the captive population P, t years later, approximately follows the

mathematical rule:
p=40.+ 46220 tIOZO
(a) What will be the captive population after (i) 1 year,
(ii) 2 years,
(iii) 3 years,
(iv) 10 years?
(b) Find an expression for the rate of change of P with respectto t.
(c) Find the rate of change of P with respectto t (in deer/year) after
(i) 5 years,
(ii) 10years,
(iif) 20 years.

Following the survey of a particular mine, experts predict _—
that with continued mining the quantity (T tonnes) of a
particular ore remaining in the mine, t years after the
survey was carried out would approximately fit the
mathematical model

T = 20t3 - 420> - 8000t + 150 000
(a) What quantity of ore was in the mine when t=07?
(b) What quantity of ore will be in the mine when t=107?
(c) Find arule for the rate of decrease of T in tonnes per year.

(d) Calculate the rate that T will be decreasing in tonnes per year when
(i t=2
(i) t=4,
(iii) ¢t=7.
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17.  An automatic puncture repair compound for bicycle tyres is being tested. The idea
is that the compound can exist in vaporised form, mixed with the air in the tyre.
When a puncture occurs the tyre pressure forces air out through the hole. This

flow of air through the hole causes the glue-like compound to condense at the hole
and repair the puncture.

The compound is tested in a specially constructed balloon. The balloon is
punctured and its volume is noted as it deflates. In the test the balloon had a
volume Vcm3 where
1
V~1000 - 4t + 75 2
with t being the time in seconds since the puncture occurred.

Determine (a) the volume of the balloon when the puncture occurred,

(b) the volume of the balloon two seconds after the puncture
occurred,

(c)  anexpression for the rate of change of V with respect to t,
(d) the instantaneous rate of change of volume, in cm3/sec, when
(i) the puncture occurs,
(ii) t=3,
(e) how long it takes the compound to repair the puncture.
(f) The given formula for V can only make sense for a < t < b. Find a and b.

Using differentiation to locate stationary points of polynomial functions.

Note carefully the following points as the ideas are used in the examples that follow to

locate the stationary points on the graphs of polynomial functions and to determine the
nature of such points.

* At local maximum points local minimum points and at points of horizontal
inflection the gradient of the curve is momentarily zero.

d
Le. aﬁ is zero at these points.

Minimum point Maximum point Horizontal inflection

l.i ’ ‘ 704 or Loi
Tangent is Tangent is

horizontal horizontal Tangent is horizontal
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e As we pass through a minimum turning point (in the direction of increasing x) the
gradient changes from negative to positive.

As we pass through a maximum turning point (in the direction of increasing x) the
gradient changes from positive to negative.

For horizontal inflection the gradient, though momentarily zero, does not change
sign.

Minimum point Maximum point Horizontal inflection

Zero
Zero +ve or -ve 7Zero
-ve +ve +ve -ve
+ve -ve
Zero

Example 4

For the function y = x? + 6x - 4 use differentiation to determine the nature and location
of any stationary points.

If y = x? + 6x - 4
then g‘gzc = 2x+6
At stationary points g‘}c =90 2x+6 = 0
Le. x = -3
When x = -3 y = (-3)%+6(-3) -4
=9-18-4

= -13
There is a stationary point at (-3, -13).

Consider gradient either side of x = -3:
x=-3-1 x=-3 x=-29
2x+6 -ve Zero +ve

\ — /
Thus y = x% + 6x - 4 has a minimum turning point at (-3, -13).

Alternatively we could use our familiarity with the graphs of quadratic functions to state

that the stationary point is a minimum because the coefficient of x* in the quadratic
function is positive.
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Example 5
For the function y = 243 - 622, and without the use of a calculator, determine

(a)
(b)

()
(d)

the coordinates of any points where the graph of the function cuts the y-axis,

the coordinates of any points where the graph of the function cuts (or touches) the
x-axis,

the behaviour of the function as x - + o,
the nature and location of any stationary points on the graph of the function.

Hence sketch the graph of the function.

(a) On the y-axis, x =0

(b)

(c)

(d)

2(0)3 - 6(0)2
0
The graph of the function cuts the y-axis at (0, 0).

Ifx=0 y

On the x-axis, y =0

Ify=0 2:3-6x% = 0
i.e. 26%(x-3) = 0
x = 0or3

The graph of the function cuts (or touches) the x-axis at (0, 0) and (3, 0).

As x "gets large” the «3 term will dominate.

Thusas x-— o y=— oo (and faster than x does).
andas x— -0 y— - (and faster than x does).
If y = 23 - 622
d
then a‘X = 6x%-12x
x
= 6x(x-2)
d
At stationary points a‘}c =0 . 6x(x-2)=0
ie. x=0or 2
Whenx=0, y = 2(0)3-6(0)%> andwhenx=2, y = 2(2)3 - 6(2)°
=0 = -8
There are stationary points at (0, 0) and at (2, -8).
Consider gradient either Consider gradient either
side of x=0. side of x = 2
x=-0-1 x=0 x=0-1 x=19 x=2 x=2-1
6x(x-2) +ve zero  -ve -ve zero  +ve
/ o \ \ — /

Thus y = 23 - 6x% has a maximum turning point at (0, 0) and a minimum turning
point at (2, -8).
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(e) The information from the previous parts of this question can be placed on a graph

Note

as shown below.

Ay /
(0, 0) (3.0) ,
/| %

A sketch can be completed:

(2, _8)

The reader should check the reasonableness of this sketch by viewing the graph of
this function on a graphic calculator.

e In the previous example the nature of y
each stationary point was determined /
by examining the sign of the gradient. Turning
We could have determined the nature point at (0, 0)* (3,0) | x,

of each point just from the shape that
the sketch had to be to satisfy the

behaviour as x — * oo and the location o
of the turning points. From the / Turning
diagram on the right (0, 0) must be a point at (2, -8)

local maximum and (2, -8) must be a
local minimum.
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e Specific facilities on graphic calculators allow stationary points of polynomials,
and other functions, to be readily located without the need to use
differentiation. This ability is very useful but also needs care. In some cases
the portion of the graph the display is showing may not be telling the whole
story.

For example the display on the right is for
y=x-0-01x* [ )
At first glance it may appear to be

similar to y = x* with a single
turning point at (0, 0).

1 [l 1 1 L 1 1 ]

However, as x gets large we would

expect the -0-01x* term to o S
dominate and would thus expect
thatas x- o0, y - -co.

\

Sure enough, zooming out on the
calculator we do indeed see that the
original picture was not telling the
whole story. The graph has three
turning points, 2 maximums and
one minimum. Using a calculus
approach informs us where all of
the stationary points are. \ J

e If a question specifically requires that you do not use a calculator, or
specifically requires you to show the use of differentiation (or calculus, of
which differentiation is a part) and algebraic processes then proceed as

follows:
: : . . dy
1. Differentiate y with respectto x to obtain Ay *
d
2. Find the values of x for which a‘aXc =0.
3. Find the values of y corresponding to each value of x from 2.

4. Either by considering the necessary shape of the graph, or by
considering the sign of the gradient, determine the nature of the
stationary points.



ISBN 9780170350495. Chapter Six: Applications of differentiation. 125

Global maximum and minimum values.

In some cases we may be concerned with the maximum or minimum value a function
can take for some interval a < x < b. We are then concerned with the global maximum
(or minimum), which may or may not coincide with the local maximum (or minimum).

Example 6
Using calculus and algebra determine the coordinates and nature of any stationary
points on the graph of
f(x) = 9x% - 3 - 15x + 11.
Hence determine the maximum value of f(x) for (a) 0<x<7,

(b) -2sx<7.
If f(x) = 9x% - x3-15x+ 11
then f'(x) = 18x-3x%*-15
= -3(x% - 6x +5)
= =3(x-1)(x-5)
At stationary points f'(x) =0, i.e. -3(x-1)(x-5) =0
giving x =1 or x = 5.
If x=1, f(x)=4. If x=5, f(x) = 36.
Stationary points occur at (1, 4) and at (5, 36).
With f(x) = 9x% - %3 - 15x + 11 the x> term will I (5, 36)
dominate for "large x". o
Thusas x—-+o0 flx) » -o \
andas x—-o-o0 flx) » +o0 (1, 4)
Thus (1, 4) is a local minimum point and (5, 36) is a ° \\ X,
local maximum point.

The global maximum will either occur at the local maximum or at the "left end" of the
function if the values of x allow us to go sufficiently far to the left.

(a) For 0<x<7. f(0) = 9(0)%- (0)3-15(0) + 11

11  which does not exceed f(5).
Thus the global maximum for 0 < x< 7 is 36.

(b) For -2sxs7. f(-2) = 9(-2)%-(-2)3-15(-2) + 11
36+8+30+11
85  which does exceed f(5).

Thus the global maximum for -2 <x< 7 is 85.
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Had we not been required to use calculus and
algebra the global maximums determined in
the previous example could have been
obtained using a calculator that is able to
determine the maximum value of a function
for a given domain.

Again explore the capability of your calculator
in this regard.

Exercise 6B

1. A student used his old graphic calculator
to locate the turning points on the curve
y =3 - 3x% - 45x - 20.
The display, see right, gave him the
coordinates of the local minimum as
(5-0000002089, -195).
Use calculus to
(@) justify that the exact location of this
minimum point is (5, -195),

4 N
fMax(9-x2-x3-15-x+11,x,0,7)
(MaxValue=36, x=5)
fMax(9-x2-x3-15-x+11,x,-2,7)
(MaxValue=85, x=-2)

(b) justify that the turning points displayed are the only ones the curve has,
(c) determine the exact coordinates of the local maximum point.

2. A student used her old graphic calculator

to locate the turning points on the curve
y=x5 +1-55% - 36x+ 17.
The display, see right, gave her the
coordinates of the local maximum as
(-3-9999997142, 121).
Use calculus to
(a) justify that the exact location of this
maximum point is (-4, 121),

4 N
Y=X3-3X2-45X-20
]
rT //\-v/l FTrrii
] MIN
[ X=5.0000002089 Y=-195 )
~ \
Y=X3+1.5X2-36X+17
i MAX
| X=-3.9999997142 Y=121 |

(b) justify that the turning points displayed are the only ones the curve has,
(c) determine the exact coordinates of the local minimum point.
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For questions 3 to 10, and without the aid of a calculator:

11.

12.

use calculus to determine the coordinates of any stationary points on the graph of
the given function,

indicate the nature of each stationary point,

produce a sketch of the graph of the function including on your sketch the location
of any stationary points, any points where the graph cuts the vertical axis and
indicate the behaviour of the graph as x -» *oo.

y=x3+3x2—9x—7 4. y=x3—9x2+15x+30
y=1+8x-2x" 6. y=x°

y=xt 8. y=3x%-4x3
y=23%-4x+7 10.  y=3x*+423-1242+10

For the function y = x3 + 622 + 9x, and without the use of a calculator,

determine (a) the coordinates of any points where the graph of the function
cuts the y-axis,

(b) the coordinates of any points where the graph of the function
cuts (or touches) the x-axis,

(c) the behaviour of the function as x - + oo,

(d) the nature and location of any stationary points on the graph of
the function.

(e) Hence sketch the graph of the function.
(f) Determine the minimum and maximum value of y for -5 <x< 1.

Use calculus techniques to find the coordinates of any stationary points on
the graph of f(x) = 223 - 342
and determine the nature of each.

Determine the minimum value of f(x) for (a) x>0,
(b) -1<x<5.
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Applications.

There are many occasions in real life when we look for the most desirable, most
favourable or optimum situation. Finding the situation that involves maximum profit,
most benefit, greatest growth, maximum effect, greatest comfort, greatest speed etc are
all situations where the optimum situation involves a maximum. In other situations we
might look for the least cost, the least effort, the lowest inflation, the minimum pain, the
least discomfort, the slowest speed etc and in such cases are looking for a minimum
level. Our ability to use calculus to determine the maximum or minimum values gives us
a way of finding the optimum situations in various contexts.

Example 7
What should be the dimensions of a rectangular shape of perimeter 20 cm if its area is to
be a maximum?

We require maximum area. If the areais A cm? we need a formula 4 = 722,

Let the required rectangle have dimensions x cm by y cm. T
Then A = xy. « @ ycm
Now we cannot differentiate A because the right hand side of l
equation @ involves two variables xand y.  xem—
However we do know that 2x+2y = 20
y = 10-x )
Substituting @ into © gives A = 10x- 2. « A quadratic function.
dA
Thus — = 10-2x
dx
da _
If =— =0 then 0 = 10-2x ie. x=5
dx

From our knowledge of quadratic functions with a negative coefficient of x2, or by
examining the gradient of the function either side of x = 5, we know that x = 5 will give a
local (and global) maximum.

Thus x = 5 gives a maximum value for A.

If x = 5 then, from equation @, y = 5.

Thus for maximum area the rectangle should be a square of side 5 cm.

Points to note for solving optimisation problems:

) If a diagram is not given then draw one if it helps.

. Identify the variable that is to be maximised, or minimised. If this variable is, say, C
then you must find an equation with C as the subject. i.e. C=772.

. If this equation for C involves two variables (other than () find another equation
that will allow you to substitute for one of the variables.
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. When you have C in terms of one variable, say x, then find the values of x for which
dc _
e - 0.
J Use your knowledge of what the function must look like (perhaps it is a quadratic
and therefore has one turning point ... perhaps the behaviour as x "gets large” helps
.. perhaps examine the gradient either side of the stationary point) to determine
whether maximum or minimum.

. Check that the value of x for the required maximum, or minimum, is within the
values that the situation allows x to lie and check that it gives the global maximum,
or minimum.

Example 8
The profit, $P, made by a company producing and marketing x items of a certain product
is given by: P = -x3 + 30x% + 900x - 1000.

Clearly showing the use of calculus, find the value of x for maximum profit and
determine this maximum profit.

We wish to maximise profit and we have a formula for P in terms of one variable, x.
Thus we may differentiate.
dpP

i = -3x2% + 60x + 900
X

= -3(x% - 20x- 300)
= -3(x-30)(x+10)

0

dp
If ax = 0, then (x-30)(x+10)

Solving gives x
When x = 30, P

30 or -10 (-10 not applicable in this situation)
~(30)3 + 30(30)2 + 900(30) - 1000

26 000.

If we also consider the y-axis intercept and x - * o, a sketch can be made:

4 H 4
,\ B L. P (30,26000)
: DR
? % /\
L, Lo
Stationary | $(0, -100) \ ::> NeH(0,-1000) \

x=-10

points on (-10,7)
dotted lines

The sketch indicates that x = 30 will give the local maximum and for x 2 0 this maximum
will not be exceeded elsewhere.

For maximum profit the value of x should be 30 and the maximum profit would then be
$26 000.
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Note: Inthe previous example

w The nature of the stationary point at x = 30 can also be found by
considering the gradient either side of x = 30:
x=29 x=30 x=31
-3(x-30)(x+10) +ve Zero -ve

/ — \ i.e. maximum point.

i Viewing the graph of y = ~x3 + 30x% + 900x - 1000 on a calculator confirms
the correctness of the sketch.

Exercise 6C

Use calculus to solve the following optimisation problems. (Use a calculator to assist
with the arithmetic if you wish but clearly show the use of calculus to locate the
optimum situation.)

1.

If X=103-1562 + 48t + 80 find the value of t for which X has a local minimum
value and find this minimum.

If A=60p+ 12p2 - p3 - 500 find the value of p for which A has a local maximum
value and find this maximum.

If A=xy and x + 5y = 20 find the maximum value of 4 and the values of x and y for
which this maximum value occurs.

If A=xy and 2x + 3y = 18 find the maximum value of A and the values of x and y
for which this maximum value occurs.

The total cost, $C, and total revenue, $R, arising from the production and marketing
of x items of a certain product are given by

R=x(95 - x) and C=500 + 25x.
Given that: Profit = Revenue - Cost find the value of x that
gives maximum profit and determine what this maximum profit will be.

The total cost for the production and marketing of x items of a certain productis $C
where C=5000 + 60x.

The revenue received from each item is $R where R= 300 - x.

Given that: Profit = Revenue - Cost find the value of x that
gives maximum profit and determine what this maximum profit will be.

The organisers of a sheepdog competition have 100 metres of fencing available to
fence an enclosure for some sheep. They wish to make the area rectangular and as
large as possible. What dimensions should the enclosure have to maximise area if
(a) the 100m of fencing is to be used for all four sides,

(b) an existing wall forms one side and the fencing is used for the other three.
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11.

12.
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A manufacturer wishes to advertise a new product. He knows that advertising will
increase sales but the advertising itself costs money. From past experience with a
similar product the manufacturer expects that his profit $P, after the advertising
has been paid for, will be related to x, the number of thousands of dollars spent on

advertising according to therule P =50000 + 6000x - 1002 .
How much should the manufacturer spend on advertising in order to maximise
profit and what would this maximum profit be?

A rectangular box is to be made to the following requirements:
e The length must be one and a half times the width.
» The twelve edges must have a total length of 6 m.

Find the dimensions of the box that meets these requirements and that maximise
the capacity.

An open cardboard box is to be made by cutting squares of side [ ] L
x cm from each corner of a square of card of side 60 cm and
folding the resulting "flaps” up to form the box. Find the value
of x that will give the box a maximum capacity.

A long narrow sheet of metal, 8 metres by 24 cm, is to be made into a gutter by
folding up equal widths of metal along each edge of the sheet to form the two
identical vertical walls (see diagram).

- 8 metres ———»
t

24lcm __________________________________ \l AN l

<4——— B8metres —————»

Use differentiation to determine how many centimetres should be turned up along
each edge to maximise the capacity of the gutter for carrying water?

The organisers of a raffle are trying to decide the price they should charge for
tickets. From past experience they feel confident that they can sell 7500 tickets if
they charge $1 per ticket. For each 10 cent rise in the price they estimate that they
will sell 250 tickets less.

They need to raise $5000 to cover the cost of prizes and printing.

If they set the price per ticket at $(1 + 0-1x), i.e. $1 plus x lots of 10 cents, find

(a) anexpressioninterms of x for the profit the raffle will raise,

(b) thevalue of x for maximum profit.

For this maximum profit situation find

(c) the price of each ticket,

(d) the number of tickets they can expect to sell,

(e) the maximum profit.
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13.

14.

15.

16.
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A colony of bacteria is monitored in a laboratory over a 24 hour period (0 < t < 24)
and its population, N, at time t was found to approximately follow the rule

N = 2¢3 - 57¢% + 288t + 2900.
Determine the minimum and maximum value of N (nearest 100) for 0 < t < 24.

A body is projected from an origin O and moves in a straight line such that its
distance from O, t seconds after projection, is s metres where

s=%3 -6t% +50t, (t=20).

The velocity of the body, v m/sec, t seconds after projection is given by % .
(a) How far is the body from the origin after three seconds?
(b) Find an expression for the velocity of the body t seconds after projection.
(c) What is the initial (i.e. t = 0) velocity of the body?
(d) For what value of t (t 2 0) is the body moving with minimum velocity and
how far from O is the body at this time?

One small part of a construction project involves a metal rod spanning a 20 metre
gap with the rod resting on supports at each end. The rod, which is not uniform, is
expected to "sag" somewhat under its own weight. The mathematical model of the
situation predicts that this rod will take the shape of the curve

X
Y =50000 (20 -x) (x-50), for0<x<20,

diagram.

Clearly showing the use of calculus, but
using your calculator to solve any
equations that may result, determine
the maximum sag in the rod (to the
nearest mm) and where it occurs (as a distance from the origin, to the nearest
centimetre).

with x and y axes as shown in the y T‘

20m

The owner of a large house decided to spend some money making it more secure.
An expert analysed the situation and said that for $5000 the security rating, R, of
the property would rise from its current score of 30 points to 100 points. Every
$500 spent after that would lift the rating by 5 points.

The owner feels that the more security devices he pays for the more tedious he is
going to find it to enter and leave his property with all that he will have to
remember to lock/unlock, arm/disarm etc. He feels there is an owner convenience
rating, C, which will go down by 2 points, from an initial 100 points, for every $500
he spends over the $5000 that he accepts is necessary.

As both the security rating and the convenience rating interest him he decides to
multiply them together to form the "secure but not inconvenient" rating Z.

Clearly showing your use of calculus, determine how much the owner should
spend on security to maximise Z.
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Applications - extension.

The next example, and the exercise that follows involve applications of differentiation
for which the function involved contains negative or fractional powers. At the time of
writing this text the syllabus for this unit includes optimisation problems for polynomial

functions only. Hence the optimisation questions in this next section should be regarded
as an extension activity.

Example 9
The rectangular block shown on the right has a
square base of side x cm, a height of y cm and a

volume of 80 cm3. The base and top are to be 'ycm
covered with lacquer costing 5 cents/cm2 and the
sides with lacquer costing 4 cents/cm? Find the xcm An'

values of x and y for minimum cost.

To minimise cost we need a formula Cost=7???.
Cost of lacquering the base = 5x2 cents.
Cost of lacquering each side = 4xy cents.

Thus if the total costis C centsthen C = 10x% + 16xy —1
We cannot differentiate C at present because it involves two variables, x and .
However we know that x?y = 80 (because the volume = 80 cm3).
i.e 80 P
.C. y = xz
1280
Substituting from 2 into 1 gives C = 10x% +
dC 1280
Thus b - 20x - 2
dC 1280
At stationary points dx = 0, . 0 = 20x- —xz_ giving x=4.

From 2,if x=4, y=5 (and C = 480).
Given the context of the question x cannot be negative.
Considering x= 0: u‘ /

1280 7
With C=10x? + the y-axis will be an asymptote.

As x — 0 (from the positive side), y — +. (4,.5)
Asx— 00,y —> +00,
Thus (4, 5) must be a global minimum.

(Alternatively consider the sign of the gradient either side of x = 4.)

Thus to minimise cost the block should be made with a base 4 cm by 4 cm and a height
of 5cm, (i.e.x=4and y = 5).

\/
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Exercise 6D

1.

N

5
If P=3r%+ T find an expression for the rate of change of P with respect to r.

If A=400r find the rate of change of A with respect to r when

(@ r=4, (b) r=25, (c) r=100.
Use calculus to locate exactly the stationary points on the graph of
2
y=x+ .

and determine the nature of each by consulting a graphic calculator display.

Use calculus techniques to determine the exact coordinates of any stationary
points on the curve

4
y=5—;—x

and, by considering the sign of the gradient on either side of any turning points
determine whether maximum, minimum or horizontal inflection.

Use calculus techniques to determine the exact coordinates of any stationary

points on the curve y=3x- ?

By considering the graph of the function for x close to zero and x — +o determine
whether maximum, minimum or horizontal inflection.

The open rectangular box shown on the right is to have
a square base of side x cm and a height y cm. The
volume of the box is to be 500 cm>.
. . . ycm
(a) Find an expression for y in terms of x.
(b) The box is to be made of card. Find, in terms of x,
the area of card required to make each box, ‘m A
assuming no wastage.

(c) Find x and y for which this area is a minimum and then find this minimum
area.

A food manufacturer wishes to package a product in cylindrical tins each of volume

535 cm3. Find the base radius and height of tins that meet this volume requirement
and that minimise the metal required to make them, i.e. minimum surface area.
Give your answers in centimetres and correct to 1 decimal place.

A metal box company is asked to produce cylindrical metal tins, each with a volume
of 535 cm3. The base and top of each tin have to be made from thicker material

than is used for the wall. This thicker material costs twice as much per cm? as the
thinner material. Find, in centimetres and correct to one decimal place, the base
radius and height of each tin for the cost of material to be a minimum.
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Miscellaneous Exercise Six.

This miscellaneous exercise may include questions involving the work of this
chapter, the work of any previous chapters, and the ideas mentioned in the
preliminary work section at the beginning of the book.

1.

Express each of the following as a power of 5.

(a) 25 (b) 625 () 125
d 1 (e) 5x5x5 (f) 5x5x5x5x5x5
(8) (5x5)x(5x5x5) (h) (5x5x5)x5 () (5x5x5)2x5
. 5X5%Xx5x%x5x%x5 K 5xXx5x%x5 l (5x5x%x5)x(5x%x5)
0 5%X5 (k) 5 M 5X5X%X5X5
(m) 53x57 (n) 53x5 (0) 53x57 x5’
(p) 5°+ 53 (@ 5%+ 52 (r) 51+ 58
(s) 5*x53+ 52 () 53x5%:5 (u) 58+ 53x52
(v) 5°x125 (w) 5%+ 125 (x) 58+ (53x52)
9 32+42 (2) 62"'—7’(2_
3-1

Without the assistance of a calculator, simplify each of the following, expressing
you answers in terms of positive indices.

(a) (a3 X ‘/E)Z (b) ( Sb—Za)3 (C) 2n+1 + 2271
a? 25a74b? 2n

i 5x* + 10x7 2% 4 2x+3 gnt+il_q5

(d) 5x3 (e) 9 0 5x 3" -25

An arithmetic progression is such that e the fourth termis 130
and o« T =T +11.

Determine the first six terms of the sequence.

A geometric progression is such that e the fourth term is 2-8
and e T , =T, x02

Determine the first five terms of the sequence.

Find (a) the average rate of change of the function y = x* - 3x from the point
P(3, 0) to the point Q (6, 18),

(b) theinstantaneous rate of change of y = x? - 3x at the point P (3, 0),
(c) theinstantaneous rate of change of y = x? - 3x at the point Q (6, 18).



136 Mathematics Methods. Unit Two. ISBN 9780170350495.

6.

10.

11.

Find (a) the average rate of change of the function y = %3 - 3x from the point

P(3, 18) to the point Q (6, 198),
(b) the instantaneous rate of change of y = x> - 3x atthe point P (3, 18),
(c) theinstantaneous rate of change of y = x> - 3x atthe point Q (6, 198).

The diagram on the right shows a device for counting pills.
The diagram shows the device containing 5 rows of pills.
How many pills are shown in the device?

How many pills would be in such a device if it were to
contain (a) 10 complete rows,

(b) 15 complete rows.

Evaluate the following sums:

(a)
(b)

(c)
(d)
()

The graph on the right shows a curve y = f(x)
with the tangents at x = 1 and at x = 2 drawn.

Use the tangents to determine the gradient of
y=f(x)at x=1 and at x=2.

As you may have realised, the graph is that of
y =3,

Check your previous answers using calculus.

3+12+ 21+ 30+ 39 +48 + ... + 507

S0 = Ty + Ty + T3 + T4 + .. + Ty
= 30 - 9 + 270 - 810 + .. - 590490

6 + 12 + 24 + 48 + 96 + ...... + 6291456

100+ 80 + 64 + 51-2 + 40-96 + 32:768 + ......

5-5+5-5+5-5+5-5+5 ... +5

dy _

A curve is such that dx = (x+4) (2x- 3).

At how many places on the curve is the gradient zero?

Use the formula:

Gradient at P (x, f(x)) = limj _, o fx + hgl - f(x)

to determine
(a) theinstantaneous rate of change of the function f(x) = x* when x=5.
(b) the instantaneous rate of change of the function f(x) = x*+x whenx=1.

()

the instantaneous rate of change of the function f(x) = x> +x whenx=2.
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12. For the graph shown below state which of the points marked A - P are

13.

14.

15.

16.

17.

(a) places on the curve where the function is zero, (4 points),
(b) places on the curve where the gradient is zero, (6 points),
(c) places on the curve where the gradient is positive, (4 points),
(d) places on the curve where the gradient is negative, (6 points).

Where on the curve y = x% + 5x - 4 is the gradient the same as the gradient of the
line with equation y=7x-3?

Find the coordinates of the point(s) on the following curves where the gradient is

1
asstated. (a) y=2x+ e Gradient 1. (b) y=3x- 4\/;. Gradient -1.

For f(x) = 2x* - 5x3 + x2 - 2x + 6 use your calculator to determine
(a) f(21), f(31) and f(41). (b) f'(21), f'(31) and f'(41).

Clearly showing your use of differentiation and algebra find the equations of the
tangents to the curve

y=2x3+3x%-20x+10
at any points on the curve where the gradient is equal to 25.

A butcher normally sells chicken fillets for $10-50 per kg. During a week in which

she has them on special for $9:50 per kg she finds that her usual sales of 50 kg per

week jumps to 70 kg per week.

(a) Assuming that the number of kg sold per week, N, obeys a rule of the form

N=ap+c

where $p is the price per kg and a and c are constants, find a and c.

(b) Write an expression in terms of p for the total revenue the butcher receives
for selling N kg at $p per kg.

(c) If the butcher pays $7 per kg for the fillets write down an expression in terms
of p for the profit she makes from buying and selling N kg.

(d) Find the value of p for maximum profit and, for this value of p, determine the
number of kg sold and the profit.
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18. Given that p =7 x 1012 and q = 2 x 1011 evaluate each of the following, without
the assistance of a calculator, giving your answers in standard form (scientific

notation).

(@ pxq (b) p+q () p-q
p*

d p+gq () 5pq (0 q

19. N, the number of organisms present in a certain culture of bacteria, t hours
after observation commenced was found to approximately follow the rule
N= 3 + 30¢ + 200.
Find (a) thevalue of N when observation commenced,
(b) thevalueof N when t=10,

(c) the average number of new organisms produced per hour during the
first ten hours of observation,

(d) theinstantaneous rate of change of N (in organisms per hour) when
(i) t=0, (i}) t=5, (iii) t=10.

20. Explain what each of the following displays tell us about the rate of change of

fx) =2+ x
(2) 4 N (b) 4 N
Define f(x)=x*+x Define f(x)=x*+x
f3) - f(1) lim (f(s +h)- fcs))
2 h—0 h
41 109
\. J \. J

21. The manufacturer of a certain fabric estimates that she can sell 500 m of the fabric
each week if the price is $10 per metre. However, market research indicates that
each 20 cents per metre price reduction will increase sales by 25 metres. If the
manufacturer reduces the cost per metre by x lots of 20 cents find
(a) anexpression for the cost per metre,

(b) an expression for the number of metres sold,

(c) anexpression for the total revenue (income),

(d) thevalue of x that makes this total revenue a maximum and explain how you
know that your value of x will give a maximum.





